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Restarting Tree Automata Introduction

Restarting Tree Automaton

Roughly speaking, a Restarting Tree Automaton is an

iterated top-down tree automaton

equipped with an

height-bounded read/write-window

and the capability to

rewrite the input in a restricted way.
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Restarting Tree Automata Introduction

Restarting Tree Automaton

A computation consists of finitely many consecutive cycles of the form:

1 Process the input beginning at the root and fork
down to the leaves using a regular control similar
to a top-down finite tree automaton.

2 On the way to the leaves, perform at most one
size-reducing rewrite step in each separate branch.

3 Depending on an additional regular control,


 halt and reject the input, or

 execute a restart, i.e., move the

read/write-window to the top and start with the
initial state (i.e., forget all collected information).

,//////////////.
//////////////-

cycle

Repeat this cycle until a “simple form” of the input is obtained, which
can be recognized in step 1 only.
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Restrictions for Restarting Tree Automata Single-Path Restarting Tree Automaton

Single-Path Restriction

I. Single-Path Restriction
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Restrictions for Restarting Tree Automata Single-Path Restarting Tree Automaton

Single-Path Top-Down Tree Automaton

Definition (Single-Path Top-Down Tree Automaton)

An spNFÓT-automaton is a five-tuple A � pF ,Q, q0, k,∆q, where


 F is a ranked alphabet, Q is a finite set of states, q0 P Q is the initial state,


 k ¥ 1 is the height of the look-ahead window, and


 ∆ is a finite term rewriting system (TRS) on F YQ that contains only

1 k-height bounded linear top-down transitions of the form

qptq Ñ trx1, . . . , xi�1, q
1pxi q, xi�1, . . . , xns, where

n ¥ 1, t P CtxpF ,Xnq, Hgtptq ¤ k, q, q1 P Q, i P t1, . . . , nu, and
2 k-height bounded final transitions of the form qptq Ñ t, where

t P T pFq, Hgtptq ¤ k, and q P Q.

The recognized tree language is LpAq � tt P T pFq | q0ptq Ñ
�

∆ tu.

Obviously, L pFINTq � L pspNFÓTq � L pRTGq holds,
but L pspNFÓTq is incomparable to L pDFÓTq under set inclusion.
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Restrictions for Restarting Tree Automata Single-Path Restarting Tree Automaton

Single-Path Restarting Tree Automaton

Definition (Single-Path Restarting Tree Automaton)

An spRRWWT-automaton is a six-tuple A � pF ,G,Q, q0, k,∆q,


 F is a ranked input alphabet, G � F is a ranked working alphabet,


 Q � Q1 YQ2 is a finite set of states such that Q1 XQ2 � H,


 q0 P Q1 is the initial state and simultaneously the restart state,


 k ¥ 1 is the height of the read/write-window, and


 ∆ � ∆1 Y∆2 is a finite term rewriting system (TRS) on G YQ,

where ASG � pG,Q1, q0, k,∆1q is an spNFÓT-automaton on G.

Ñ∆ Ñ∆1 denotes the move relation induced by the TRS ∆ resp. ∆1

ãÑA cycle relation, i.e., u ãÑA v iff q0puqpÑ
�
∆ r Ñ�

∆1
qv , for u, v P T pGq

LpAq �
"

t0 P T pFq
���� D` ¥ 0, Dt1, . . . , t` P T pGq such that

t0 ãÑA t1, . . . , t`�1 ãÑA t`, and t` P LpASG q

*
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Restrictions for Restarting Tree Automata Single-Path Restarting Tree Automaton

Form of the Rules from ∆1 and ∆2

∆1 contains only the following linear transition rules:

1 Top-down transitions: qptq Ñ trx1, . . . , xi�1, q
1pxi q, xi�1, . . . , xns

(n ¥ 1, t P CtxpG,Xnq, 1 ¤ Hgtptq ¤ k, q, q1 P Q1, i P t1, . . . , nu)

2 Final transitions: qptq Ñ t (t P T pGq, 0 ¤ Hgtptq ¤ k, q P Q1)

∆2 contains only the following linear transition rules:

1 Top-down transitions: qptq Ñ trx1, . . . , xi�1, q
1pxi q, xi�1, . . . , xns

(n ¥ 1, t P CtxpG,Xnq, 1 ¤ Hgtptq ¤ k, q, q1 P Q2, i P t1, . . . , nu)

2 Final transitions: qptq Ñ t (t P T pGq, 0 ¤ Hgtptq ¤ k, q P Q2)

3 Size-reducing rewrite transitions:

qptq Ñ t 1rx1, . . . , xi�1, q
1pxi q, xi�1, . . . , xns

(n ¥ 1, t P T pG,Xnq, t 1 P CtxpG,Xnq, ||t|| ¡ ||t 1||, Hgtptq ¤ k,
q P Q1, q1 P Q2, i P t1, . . . , nu)

4 Size-reducing final rewrite transitions: qptq Ñ t 1

(t, t 1 P T pGq, ||t|| ¡ ||t 1||, Hgtptq ¤ k, q P Q1)
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Restrictions for Restarting Tree Automata Basic Variants

Basic Variants of (sp)RRWWT-Automata

Basic variants of (sp)RRWWT-automata, derived from the corresponding
restarting automata on words:

RR-prefix: General case, no restriction.

R-prefix: Every rewrite transition contains no successor state(s) in

the corresponding RHS, i.e. qptq Ñ t 1rx1, . . . , xns .
That means, after a rewrite step no additional regular
control can be performed in the affected branches.

WW-suffix: General case, no restriction.

W-suffix: The working alphabet G coincides with the input alphabet
F , i.e., there are no auxiliary symbols available.

λ-suffix: The term t 1 of the RHS of every rewrite transition is
homeomorphically embedded in the LHS.
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Restrictions for Restarting Tree Automata Expressive Power

Expressive Power

Example (L4 � tf pgnphnpaqq, gnphnpaqqq | n ¥ 1u R L pCFTGq)

RT-automaton: F � G � tf p�, �q, gp�q, hp�q, au (no auxiliary symbols),

k � 3, Q � Q1 YQ2, where Q1 � t q0 , q1 u and Q2 � H,

∆1 �

$''''''&
''''''%

q0

f
g
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g

h
a

Ñ

f
g

h
a

g

h
a ,

q0

f
g

x1

g

x2

Ñ

f
g

q1
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g

q1

x2 ,

q1

g

x1
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g

q1
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,//////.
//////-

,

∆2 �

$''''''&
''''''%

q1

g

h

h
x1

Ñ h
x1

,//////.
//////-

.

Note that L4 P L pspRWWTq, but on the other hand L4 R L pspRRWTq.
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Restrictions for Restarting Tree Automata Expressive Power

Expressive Power

Example (L1 � tf pgnpaq, gnpaqq | n ¥ 0u P L pCFTGqr L pRTGq)

spRT-automaton: F � G � tf p�, �q, gp�q, au (no auxiliary symbols),
k � 2, Q � Q1 YQ2, where Q1 �

 
q0

(
and Q2 � H,

∆1 �

$''&
''%

q0

f
a a

Ñ f
a a

,//.
//-

,

∆2 �

$'''''&
'''''%

q0

f
g

x1

g

x2

Ñ f
x1 x2

,/////.
/////-.

Proposition

Let X P tR,RR,RW,RRW,RWW,RRWWu be a type of restarting
automaton. Then for each spXT-automaton A there exists an
XT-automaton A1 such that LpAq � LpA1q.
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Restrictions for Restarting Tree Automata Expressive Power

Main Result

Theorem

L pRTGq � L pspRTq.

Proof (idea):


 Simulate a complete DFÒT-automaton B � pF ,QpBq,QpBq
f ,∆pBqq by an

spRT-automaton A :� pF ,F ,Q, q0, k,∆q where k :� |QpBq| � 1

 A accepts all t P LpBq satisfying Hgtptq ¤ k by final transitions

 Construct final rewrite transitions of the form qptq Ñ t1rt3s, for all

t P T pFq, where Hgtptq � k and t � t1rt2rt3ss, such that

t3 Ñ
�
∆pBq p and t2rt3s Ñ

�
∆pBq p,

for some p P QpBq (pumping argument, note that B is deterministic)
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Restrictions for Restarting Tree Automata Expressive Power

Linear Context-Free Tree Languages

Theorem

Given a linear context-free tree grammar G, an spRWWT-automaton A
can be constructed such that LpG q � LpAq.

Proof (idea): (Stamer and Otto, CAI 2007)


 Transform G into a normal form with only growing productions

 Simulate all derivations of G nondeterministically and in reverse order

 This simulation can be done with an spRWWT-automaton as well

Corollary

L plin-CFTGq � L pspRWWTq.
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Restrictions for Restarting Tree Automata Ground-Rewrite Restarting Tree Automaton

Ground-Rewrite Restriction

II. Ground-Rewrite Restriction
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Restrictions for Restarting Tree Automata Ground-Rewrite Restarting Tree Automaton

Ground-Rewrite Restarting Tree Automaton

Definition (Ground-Rewrite Restarting Tree Automaton)

A gr-RWWT-automaton A � pF ,G,Q, q0, k,∆q is essentially an
RWWT-automaton for which ∆2 only contains final rewrite transitions.

Example (L1 � tf pgnpaq, gnpaqq | n ¥ 0u P L pCFTGqr L pRTGq)

gr-RT-automaton: F � G � tf p�, �q, gp�q, au, k � 1, Q � Q1 YQ2,
where Q1 � t q0 , q1 u and Q2 � H,
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Restrictions for Restarting Tree Automata Taxonomy

Taxonomy of Restarting Tree Automata
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Conclusion

Conclusion

Open Questions:


 Does the equality L pRTGq � L pgr-spRWTq hold?

If so, L pRTGq � L pgr-spRWWTq follows easily.


 Exists for each (gr-)spRWWT-automaton A an equivalent
(gr-)spRWWT-automaton B such that LpBSG q is finite?

Thank you! Questions?
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