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Introduction Agenda

Agenda:
 Extend the computation model of restarting automata to a more
complex data structures, i.e. trees resp. terms of a free algebra
 Intention: String languages accepted by restarting automata should fit

into the new tree automata model in a natural way (unary symbols)
 Preserve the characteristic properties of the restarting automata
(e.g. efficiently decidable membership problem, EPP, CPP)
 Establish new relationships and characterizations to well-known

classes of tree automata and tree grammars
 Develop new applications for such restarting automata, e.g.
verification of security protocols and tree transformations (XSLT)
 Top-down approach: Process the input tree beginning at the root
and walk down to the leaves in parallel computation branches
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Restarting Tree Automata Definition

Definition (Restarting Tree Automaton)

An RRWWT-automaton is a six-tuple A � pF ,G,Q, q0, k,∆q, where
 F is a ranked input alphabet, G � F is a ranked working alphabet,
 Q � Q1 YQ2 is a finite set of states (unary symb.) such that Q1XQ2 � H,
 q0 P Q1 is the initial state and simultaneously the restart state,
 k ¥ 1 is the height of the read/write window, and
 ∆ � ∆1 Y∆2 is a finite term rewriting system (TRS) on G YQ.

(Stateless) configuration: ground term from T pG YQq resp. T pGqÑ∆ Ñ∆1 move relation induced by TRS ∆ resp. ∆1 (appear within a cycle)ãÑA cycle relation, i.e., u ãÑA v iff q0puqpÑ�
∆ z Ñ�

∆1
qv , for u, v P T pGq

LpAq � "
t0 P T pFq ���� Dℓ ¥ 0, Dt1, . . . , tℓ P T pGq such that

t0 ãÑA t1, . . . , tℓ�1 ãÑA tℓ, and q0ptℓq Ñ�
∆1

tℓ

*
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Restarting Tree Automata Definition

Rule set ∆1 contains only the following linear transition rules:

1 k-height bounded top-down transitions of the form

qptq Ñ trq1px1q, . . . , qmpxmqs,
where m ¥ 1, t P CtxpG,Xmq is a nonempty m-context such that
1 ¤ Hgtptq ¤ k, x1, . . . , xn P Xm, and q, q1, . . . , qm P Q1.

2 k-height bounded final transitions of the form qptq Ñ t , where

q P Q1 and t P T pGq such that 0 ¤ Hgtptq ¤ k.
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Restarting Tree Automata Definition

Rule set ∆2 (recall ∆ � ∆1 Y∆2) contains only the following linear rules:

1 k-height bounded top-down transitions of the form

qptq Ñ trq1px1q, . . . , qmpxmqs,
where m ¥ 1, t P CtxpG,Xmq is a nonempty m-context such that
1 ¤ Hgtptq ¤ k, x1, . . . , xn P Xm, and q, q1, . . . , qm P Q2.

2 k-height bounded final transitions of the form qptq Ñ t , where

q P Q2 and t P T pGq such that 0 ¤ Hgtptq ¤ k.

3 Size-reducing top-down rewrite transitions of the form

qptq Ñ t 1rq1px1q, . . . , qmpxmqs,
where m ¥ 1, t P T pG,Xmq is a linear term, t 1 P CtxpG,Xmq is a
m-context, x1, . . . , xn P Xm, q P Q1, and q1, . . . , qm P Q2 such that||t|| ¡ ||t 1|| and Hgtptq ¤ k.

4 Size-reducing final rewrite transitions of the form qptq Ñ t 1 , where

q P Q1 and t, t 1 P T pGq such that ||t|| ¡ ||t 1|| and Hgtptq ¤ k.

H. Stamer, F. Otto (Uni Kassel) Restarting Tree Automata 16. Theorietag (Wien) 6 / 16



Restarting Tree Automata Variants

Restricted variants of a RRWWT-automaton:

RR-prefix: No restriction.

R-prefix: All top-down rewrite transitions have the special form

qptq Ñ t 1rx1, . . . , xms,
i.e. all top-down/final transitions from ∆2 are obsolete.

WW-suffix: No restriction.

W-suffix: The working alphabet G coincides with the input alphabet
F , i.e., there are no auxiliary symbols available.

λ-suffix: The right-hand side of every top-down/final rewrite
transition is a “scattered subterm” of the corresponding
left-hand side, that means, the right-hand side is
homeomorphically embedded in the left-hand side.
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Restarting Tree Automata Basic Facts

Let A � pF ,G,Q, q0, k,∆q be a RRWWT-automaton and u, v P T pFq:
 The TRS ∆ is terminating and ∆�ptq0ptq | t P T pGquq P L pÓNFTq.
 The number of cycles performed by A during a computation on a
given input tree t P T pFq is upper-bounded by the size, i.e. ||t||.
 Error Preserving Property (EPP):

If u ãÑA v and u R LpAq, then v R LpAq.
 Furthermore, a weak pumping lemma holds.

Let A be a deterministic RRWWT-automaton, i.e. CPp∆q � H:
 The TRS ∆ is even convergent (terminating and confluent).
 Correctness Preserving Property (CPP):

If u ãÑA v and u P LpAq, then v P LpAq.
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Expressive Power Regular Tree Languages

Example

Let F � G � tf p�, �q, gp�q, au be the ranked input resp. working alphabet,
Q � Q1 YQ2 the set of states with a partition Q1 � tq0u and Q2 � H,
and k � 2 the height of the read/write window.
The TRS ∆ � ∆1 Y∆2 is given by the following transition rules:

∆1 : q0pf pa, aqq Ñ f pa, aq ∆2 : q0pf pgpx1q, gpx2qqq Ñ f px1, x2q
The RT-automaton A1 � pF ,G,Q, q0, k,∆q recognizes the tree
language L1 � tf pgnpaq, gnpaqq | n ¥ 0u P L pCFTGqzL pÓNFTq.
There exists a det-RT-automaton which recognizes tf pa, bq, f pb, aqu.
Corollary

We have L pÓNFTq � L pRTq and L pÓDFTq � L pdet-RTq.
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Expressive Power Context-Free Tree Languages

Example (RT-automaton, language of completely balanced binary trees)

Let F � G � tf p�, �q, au be the input/working alphabet, Q � Q1 YQ2

the set of states with Q1 � tq0, q1u and Q2 � H, k � 1 the height of
the read/write window, and the TRS ∆ � ∆1 Y∆2 as follows:

∆1 : q0pf pa, aqq Ñ f pa, aq q0paq Ñ a (final/top-down transitions)

q0pf px1, x2qq Ñ f pq1px1q, q1px2qq q1pf px1, x2qq Ñ f pq1px1q, q1px2qq
∆2 : q1pf pa, aqq Ñ a (size-reducing final rewrite transition)
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Expressive Power Context-Free Tree Languages

Example (L4 � tf pgnphnpaqq, gnphnpaqqq | n ¥ 1u R L pCFTGq)
Let F � G � tf p�, �q, gp�q, hp�q, au be the ranked input/working alphabet,
Q � Q1 YQ2 the set of states with Q1 � tq0, q1u and Q2 � H, k � 3
the height of the read/write window, and ∆ � ∆1 Y∆2 as follows:

∆1 : q0pf pgphpaqq, gphpaqqqq Ñ f pgphpaqq, gphpaqqq (final/top-down trans.)

q0pf pgpx1q, gpx2qqq Ñ f pgpq1px1qq, gpq1px2qqq q1pgpx1qq Ñ gpq1px1qq
∆2 : q1pgphphpx1qqqq Ñ hpx1q (size-reducing top-down rewrite transition)

Corollary

Even L pRTq contains tree languages that are not context-free.
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Expressive Power Linear Context-Free Tree Languages

Proposition

For every linear context-free tree grammar G there exists an equivalent
linear nondeleting growing tree grammar G 1 such that LpG q � LpG 1q.
Proposition

For every linear nondeleting growing context-free tree grammar G there
exists a RWWT-automaton A such that LpG q � LpAq.
Corollary

The inclusion L plin-CFTGq � L pRWWTq is proper.
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Expressive Power Taxonomy
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Closure Properties

Applying the proof technique of Niemann und Otto [NO03] we obtain:

Proposition

A tree language L is recognized by an RRWWT-/RWWT-automaton if
and only if there exists an RRWT-/RWT-automaton A and aÓNFT-automaton B such that L � LpAq X LpBq.
Unfortunately, this result is not as general as for restarting automata.

Corollary

L pRWWTq and L pRRWWTq are closed under intersection with regular
tree languages.

Proposition

L pRWWTq and L pRRWWTq are closed under union.
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Conclusion

Open Questions:
 Does L pCFTGq � L pRWWTq resp. � L pRRWWTq holds?
 Closure under linear tree homomorphisms/transductions
 Restricted variants with decidable emptiness problem
 Yield and path languages of restarting tree automata
 Restarting tree automata on unranked alphabets (XSLT)

Thank you! Questions?
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