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Introduction: Flip-Pushdown Automaton

Definition 1 ( Flip-Pushdown-Automaton
� � � � �)

�
�

� �
�
�

�
� � 	 
 � � � �

�

�

finite set of states, � 
 � �

start,
� � �
� �

final states

�

finite input alphabet (symbols on input tape)

�

finite pushdown alphabet,

� � �

bottom-of-pushdown symbol

� � � � � � � � � � � � � � � � � � transition function

 � � � ! " nondeterministic flip transition function
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Introduction: Flip-Pushdown Automaton

Definition 2 (two transitions of
� �

s)
Let � � � � � �, � � �

, � �

� � �

, � �

.

chooses nondeterministically between

� 	 � � � � � � 	


� � � � � � �

if

� � �

� � � � 	 � � �

�

or

� 	 � � � � � � 	



�
� � � � � �

 �

if � � � 	 �

The reflexive transitive closure of

	

 is

	 �

.
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Introduction: Flip-Pushdown Automaton

Example 1 (

�
� � � � �

� � � � � � � � �
� � � �

)

�
� � 	 
 � 	 �
�
�

� � �
� �
�

�

� �

�
�

�
� � 	 
 � �

� �

1.

� � � 
 � 	
�

� � 

� � � 
 �
� � � �

6.
� � � 
 �
�
�


 � 

� � � 
 �

 
 � �

2.

� � � 
 �
�
�

� � 

� � � 
 �
� 
 � �

7.
� � � � � 	
�

� � 

� � � � � �
� �

3.

� � � 
 � 	
�

� � 

� � � 
 �
� � � �

8.

� � � � �
�
�


 � 

� � � � � �
� �

4.

� � � 
 �
�
�

� � 

� � � 
 �
� 
 � �

9.

� � � � � � �
� � 

� � � � � �
� �

5.

� � � 
 � 	
�


 � 

� � � 
 �

 � � �

10.

 � � 

�


� � �
�
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Introduction: Flip-Pushdown Automaton

Definition 3 (language accepted by final state with
�

flips)

�
� �

�
� � � � � � 	 
 � � �

� 	 �



� 	 � � � � �

with exactly

�

pushdown reversals, for any � � � �

and � � � � 	
�

Definition 4 (language accepted by empty pushdown with

�

flips)

�
� �

�
� � � � � � 	 
 � � �

� 	 �



� 	 � � � �
�

with exactly
�

pushdown reversals, for any � � � �

Theorem 1 (

�
� �

�

 � � � � � �

)

�

, e. g.

� 

� �
�
�

, is accepted by

�
� with empty pushdown,

iff

�

, e. g.
� 

� �


�

, is accepted by

�

 with final state.
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Introduction: Flip-Pushdown Automaton

Definition 5

� � � � � � � 
 � 

� � � �

accepted by

� � � � �
with exactly

�

flips

�

Definition 6

� � � � � � � � �
�



�

 � 


� � � � � � � 
 �

Theorem 2 ( SARKAR, 2001)

	 � 
 
 � � � � � � � 

� � � � � � � � �
�
� � � � �

� � � � � � � � � � � � �
� � � � � � � � � � 
 � 
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: Input-Reversal Technique (1)

Theorem 3 ( HOLZER AND KUTRIB, 2002)
Language

� � � � �
�

�
�

is accepted by

� � � �

� � � , if and only if

�

 �

� � �

 � � 	 
 � � �

� 	 �


�

� 	 � � � � � �

with exactly

�

reversals, � � � � � � � � , and

� 	 � � � � �

 � 	 �


�

� 	 � � � � �
�

without any reversal

�

is accepted by � � � �

�, i. e.

�

 � �
�

�
�

.
(Theorem remains valid for acceptance by final state.)
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: Input-Reversal Technique (2)

Example 2

� � � � � � � � � � � � 	 � push 
 � � � � � � � � � � � 	 
 � push 
 � � � � � � � � � � 	 
 � � flip 


� � � � � � � � � � 	 � 
 � push 
 � � 
 � � � � � � 	 � 
 � � pop 
 � � � � � � � � 	 � 
 � pop 


� � � � � � � 	 � � pop 
 � � � � � � 	 � pop/accept
 � � � � � � � �

pushdown sequence (after flip):
	 � 
 � � � � � 
 � � � � � 	 � �

‘reverse-inverse‘ sequence for backward simulation: � � � �

1.

	 
 � � 	 � 
 � � � � (move

	

to the end)

2.

	 
 � � � 
 � � � � 	
(mark symbols, that are touched after last flip)

3.

	 
 � � � � � 
 � � � � � � � 	

(

� � � � � �, � � � � � � � �

,

� � � � � � � �, 	 � 	 � � )
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: Input-Reversal Technique (3)

ordinary

� � � � � � �



� �
� � � � � � � 	 � � � � � � 	 � 
 �

normal form

� � � � � � � 	 � � � � � 
 � � � � � � � � � 
 � � � � � �

generalized

� � � � �



� �
� � � � � � � �� � � � � � � � � � � � � 	 � � � � � � � � 	 � � �� � � �

finite mapping (pushdown window)

	 � � � � � � � � � � � � � � � � � �

1.

� � � "
� �
� � � � � � �
 � ! " # $ % � � � �
 &

contain all

# % � � � �
 &

2.

� � � " " ' $ % � & contain all

' % � &

3.

� ( � " " if

' % ( & ) � * � then

# $ % ( � � �
 &

contains

% +� �
 , (
+ , &
�

where � � " satisfies

% - � �
& � # % � � � �
, &

for some - � " and � � � � � � �

4.

� - � �
� "
� �
� � � � � � � and
.
�
/ � ! "

# $ % +� � � �
+ . + / &

contains
% +- �
+ . &

if

% � �

. / & � # % - � � �

. &

5.

� - � � � (
� "
� �
� � � � � � � and

.
�
/ � ! "

(a)

# $ % +� � � �
+ . &

contains

% +- �
+ . + / &

if

% � � �
& � # % - � � �
/ &

(b)

# $ % +� � � �

. ( + . & contains

% +- � (
+ / &

if

% � � �
& � # % - � � �
/ &

6.

� . � !
� -
� ' % ( & � for some ( � " " # $ % +- � � �
, . ( + . & contains

% +� 0 � �
&
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: Input-Reversal Technique (4)

transitions of � for backward simulation of �

forward backward

flip � � � � � � � �� � � 
 	 � � 	 � � 	 � � �� � � � 
 �

push

if

� � � � � � � � 	 � � � � � � 	 �

push

� � � � � � � 	 � � � � � � � � �� � � � � � 	 � � �� � � � � � � � �

pop

pop

� � � � � � 	 � � � � � � � � �� � � � � � � � 	 � � �� � � � � � �

a-push
� �� � � � � � � 	 � � �� � � � � � � � �

b-push

accept

� � � � � � 	 � � � � � 	 �

�

�

� �� � � � � � 	 � � �� � � � 	 � � � � �

accept

if � � � � � �
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: Unary Languages, Strict Hierarchy

Corollary 1 ( HOLZER AND KUTRIB, 2002)
If

�

is a unary language accepted by a

� �

�

for some

� �

, then

�

is a regular language.

Theorem 4 ( HOLZER AND KUTRIB, 2002)

� � � � � � � �

�
� � � � � �

� � �
�

� � � � � � � �

�
� � � � � �

� � �
�

,

�
� �
� � �
� � � � �
� � � � � � � �
� � �

�

� � � � � �
� � �

for

� 	 � �
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: Closure Properties, full TRIO

� � � � �

� � � � � � � � � � � � � � � � �
� � � � � � � � � 	
� � � � � � � � �

� � � � �

�

� � �

�

�

� � � �

� �

�

� �

� �

� �

�

� � � � �

� � � � � � �

� � 	 


� � � �
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: Computational Complexity

Theorem 5 ( HOLZER AND KUTRIB, 2002)

� � � � � � �

�
� � � �

for

� �

Theorem 6 ( HOLZER AND KUTRIB, 2002)
For languages in

� � � �

�
�

:

1. Fixed membership problem is


 � � � 	 � 
 �

-complete.

2. General membership problem is

�

-complete.
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: Open and solved Problems

� deterministic

� � � �

�
�

hierarchy [HKu03]
1.

�
� 

� � � � � � � 
 �
� 

� � � � � � � � �
� 

� � � � � � � �

�
� 

� � � � � � �

2.

� � � � � � �
� 

� � � � � � � � �
� 

� � � � � � � � � 
 �

� relationship to other language classes:
1.

� � � � � � � � �
�

maybe incomparable to


 � 


or


 � � 


(a)


 � 
 � � 	 � � � � � � � 	 
 �� 
 � � � �
� �

(b) looking for: semi-linear language

�� � � 	 �

2.

� � 
 � � � � � �
�

is incomparable to

� � � �

and

� � �
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�

� �
�

incomparable to and

Corollary 2

� � � � � 	



is incomparable to
� �

under set
inclusion. The same holds for

�
.

�

 � � �

� � � � � � 	



�

 � � �

� � �

�
� � � � �

� �
� � � � � �

�
� � � �

� � � � � � 	



� Corollary 1 � �
 ! " #

$% & ' (

�
� � � �

� � �
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