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Definition 1 ( Flip-Pushdown-Automaton NFPDA)

A= (Q, Z; F, 57 Aa do, J—a Qﬁﬂ)

() finite set of states, gy € @ start, g, C () final states
Y. finite input alphabet (symbols on input tape)

' finite pushdown alphabet, L. € I" bottom-of-pushdown symbol
§ 1 Q x (XUA{e}) xI' = Q x I' transition function

A : Q — 2% nondeterministic flip transition function

Flip-Pushdown Automata — p.2/1



Definition 2 (two transitions of NFPDAS)
leta e XU {e},we X*, v, 0el™ Zel.

A chooses nondeterministically between

(¢, 0w, vZ) b4 (p,w,v8)  if(p,B) € 6(q,a,2)
or
(g, 0w, L) Fa (p,aw, L¥) if p € A(q)

The reflexive transitive closure of -4 Is 7.



Example 1 ( Leopy = {ww |w € {a,b}*})

A= ({q()a Q1}7 {CL, b}a {A7 B7 J—}a 57 Aa qo, J—a ®)

1. 6(q0,a, L) ={(qo, LA)} 6.6(qo,d, B) = {(q0, BB)}
2.0(q0,0, L) ={(q0, LB)} 7.6(q1,a,A) ={(q1,¢€)}
3.0(go,a, A) = {(q, AA)} 8.6(q1,b, B) = {(q1,¢€)}
4.0(qo, b, A) ={(q0, AB)} 9.0(q1,¢,L) ={(q1,)}
5.0(qo,a, B) = {(q,BA)} 10. A(qo) = {1}
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Definition 3 (language accepted by final state with £ flips)
T(A) ={w € ¥ | (g0, w, L) F4 (¢,€,7)

with exactly £ pushdown reversals, for any v € I'* and q € Qﬁn}

Definition 4 (language accepted by empty pushdown with £ flips)
Np(A) =4{w € X% | (qo, w, L) FY (g, €, ¢€)

with exactly k£ pushdown reversals, for any g € Q}

Theorem 1 ( A, As € NFPDA)
L,e.g. Ni(A,), is accepted by A; with empty pushdown,
iff L, e.q. Tx(A2), is accepted by A, with final state.
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Definition 5

L(NFPDA,) = {L | L accepted by NFPDA with exactly k flips}

Definition 6

L(NFPDAg,) = | | L(NFPDAy)
k=0

Theorem 2 ( SARKAR, 2001)

CFL = L(NFPDA,) C L(NFPDA;) C - -
..« C L(NFPDAg,) C L(NFPDA) = RE
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Theorem 3 ( HoLzER AND KUTRIB, 2002)
Language L = Ni,1(A;) is accepted by
Ay € NFPDA, 4, if and only if

LR — {va ‘ (Q(b w, J—) |_j<41 (Q17 €, J—fy)

with exactly k reversals, ¢» € A(q¢1), and

(QQa v, J—fyR) I_j(éll (Q37 €, 6)

without any reversal}

is accepted by As € NFPDAy, i.e. Lr = Ni(As).
(Theorem remains valid for acceptance by final state.)
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Example 2

push push flip
(QO7 a,bcdefg, J—) = (Q17 de6f97 J—A) = (Q27 Cdefga J-AB) =

push pop Pop
(g3,cdefg, LBA) F (qs,defg, LBAC) + (gs,efg, LBA)

pop pop/accept
(QGafga J—B) - (Q7797J—) = (QSaeae)

pushdown sequence (after flip);: LBA-CCtA-1B~117!
‘reverse-inverse‘ sequence for backward simulation: w - v

1. LAB-1BACC~! (move L to the end)
2. LAB-BACC~!1 (mark symbols, that are touched after last flip)
3. LlAB-BACC 11 (XX_1 S e XXY Y, XX Y6 11— €)
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ordinary FPDA, 1 A1 = (Q, 3, T,0, A, qo, L, 0)
normal form V(p,y) € §(q,a,Z) : ye{efU{ZX | X €T}

generalized FPDA, As = (QU QU {qs}, 2, TUTUQ, ¥, A’ q0, L,{qs})
finite mapping (pushdown window) § : @ X (X U {e}) x '™ — Q x I'*

1. Vg€ Q,aeXU{e},Z€T : ¢§(q,a,Z) contain all §(q,a, Z)
2. Yqg€ Q : A’(q) contain all A(q)

3. Vre@Q : if A(r) # 0, then §'(r,a, Z) contains (q, ZLr1),
where g € Q satisfies (p,€) € §(q,a, L) forsome p € Q and a € X U {¢}

4, Vp,q € Q,a € X U{e}, and X, Y €T :
8'(q,a, XY) contains (p, X) if (¢, XY) € §(p, a, X)

5. Vp,q,r € Q,a € XU{e}, and X, Y €T :
@  9'(g,a,X) contains (5, XY) if (g,¢) € 6(p,a,Y)
(b) §'(q,a, XrX) contains (p,rY) if (¢,€) € §(p,a,Y)

6. VX €T',p € A(r), forsomer € Q : §(p,e, LXrX) contains (gs, €)
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transitions of As for backward simulation of  A;
forward backward
flip p € A(q) (p',ZL1ql) € 6'(q,a,Z) | push
if (p”,¢) €d(p’,a, L)
push | (p,XY) €é(q,a, X) (7,X) € 8(p,a,XY) pop
pop (p,€) € 6(q,a,Y) (q,XY) € §(p,a,X) | a-push
(q,7Y) € §'(p,a, XrX) | b-push
accept (p,e) € 6(q,a, L) —
— (gr,€) € 8'(p,e, L XqX) | accept

if p € A(q)
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Corollary 1 ( HoLzer AND KuUTRIB, 2002)
If L I1s a unary language accepted by a NFPDA,
for some k > 0, then L Is a regular language.

Theorem 4 ( HoLzER AND KUTRIB, 2002)
Vk >0 : L(NFPDA,) C L(INFPDA1)

Vk >0 : L(DFPDA) C L(DFPDA,,),

Ly, = {#w1Swi Fwedwe# - - - FHwpSwi# |
w; € {a,b}* for1 <i < k}
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Theorem 5 ( HoLzER AND KUTRIB, 2002)

CFL C L(NFPDA) Cc CSL for k > 1

Theorem 6 ( HoLzER AND KUTRIB, 2002)
For languages in L(NFPDAy):

1. Fixed membership problem is LOG(CFL)-complete.

2. General membership problem is P-complete.
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m deterministic L(DFPDA}) hierarchy [HKuO3]

1. N_,(DFPDA) = N.;(DFPDA) C T_,(DFPDA) C
T.,(DFPDA)

2. L(DFPDA_;) C L(DFPDA.;) C L(NFPDA})

m relationship to other language classes:

1. L(NFPDAg,) maybe incomparable to EOL or ET0OL
(a) EOL > {a"b"c” | n > 0} € NFPDAg,
(b) looking for: semi-linear language ¢ ETOL

2. L(NFPDAg,) is incomparable to GCSL and CRL
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Corollary 2
L(NFPDAg,) is incomparable to GCSL under set
iInclusion. The same holds for CRL.

Leopy € L(NFPDAg,)
Leopy & GCSL

Lexpo — {agn ‘ n > O}
Lexpo g L(NFPDAﬁn), Corollary 1 ~» Lexpo € REG
Lexpo € GCSL
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